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Fig. 1. Three applications of our framework to light transport simulation. We reformulate each application as a problem of combining a continuum of sampling
techniques and leverage our continuous MIS (CMIS) formulation to derive an efficient weighting scheme. Based on this scheme, our practical stochastic
MIS (SMIS) estimator outperforms existing state-of-the-art methods. For each image we report error in SMAPE units (see Section 4.4).

Multiple importance sampling (MIS) is a provably good way to combine
a finite set of sampling techniques to reduce variance in Monte Carlo in-
tegral estimation. However, there exist integration problems for which a
continuum of sampling techniques is available. To handle such cases we
establish a continuous MIS (CMIS) formulation as a generalization of MIS to
uncountably infinite sets of techniques. Our formulation is equipped with
a base estimator that is coupled with a provably optimal balance heuristic
and a practical stochastic MIS (SMIS) estimator that makes CMIS accessible
to a broad range of problems. To illustrate the effectiveness and utility of
our framework, we apply it to three different light transport applications,
showing improved performance over the prior state-of-the-art techniques.
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1 INTRODUCTION
Multiple importance sampling [Veach and Guibas 1995] (MIS) pro-
vides a framework for combining a set of sampling techniques in
Monte Carlo integration. This combination is done by weighting the
contribution of each sample produced by each sampling technique
according to some heuristic.

MIS can be directly applied to problems where the set of sampling
techniques is countable. However, there are certain problems where
an uncountably infinite number (, a continuum) of techniques arises
naturally. A generalization of MIS is needed for these problems as
the classical formulation does not consider such cases.
We formally establish this continuous generalization of MIS,

which we call continuous MIS (CMIS). Based on our formulation, we
devise a CMIS estimator that combines a continuum of sampling
techniques using a provably optimal balance heuristic. Since this
estimator is not always practical, we propose an approximation
to it—our stochastic MIS (SMIS) estimator—which is unbiased and
extends classical MIS to stochastic technique selection.

To demonstrate the utility of our framework, we apply it to three
applications in light transport simulation shown in Fig. 1. In path
space filtering [Keller et al. 2014], CMIS allows us to reformulate
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the problem as an MIS problem and to improve its robustness. In
spectral rendering [Wilkie et al. 2014], CMIS helps reduce color
noise by combining the contributions of a set of importance-sampled
wavelengths. In volume rendering with photon planes [Deng et al.
2019], CMIS re�nes the weighting functions by forgoing analytical
integration.

In summary, our main contributions are:
� an extension of MIS to a continuum of sampling techniques,

equipped with a an optimal balance heuristic;
� a practical estimator approximating that optimal combination;
� three applications in light transport simulation where our esti-

mators outperforms existing state-of-the-art techniques.

2 BACKGROUND AND RELATED WORK
Consider the de�nite integral� of a function5: X ! R over some
domainX and the=-sample Monte Carlo (MC) estimatorh� i= for it:

� =
¹

X
5¹Gº dG• h� i= =

1
=

=Õ

8=1

5¹G8º
?¹G8º

• (1)

wheredGdenotes an appropriate di�erential measure onX. The
variance ofh� i= generally becomes small when the sampling proba-
bility density function (PDF)?¹Gº is approximately proportional to
the integrand5¹Gº. Finding a single PDF that closely approximates
5, however, is often di�cult in practice.

Veach and Guibas [1995] proposed MIS as a means to combine
several estimators with di�erent PDFs?C(for C= 1• ” ” ” •)), where
each?Cpotentially approximates a di�erent feature of the integrand
5. We refer to this method asdiscrete MIS(DMIS) to emphasize that
it considers acountableset of techniques.

The two DMIS estimators proposed by Veach and Guibas can
be derived by introducing a set of) functionsFC¹Gº satisfyingÍ )

C=1FC¹Gº=1 and partitioning the integral� into a sum:
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)Õ

C=1

FC¹Gº

=1

5¹Gº dG =
)Õ

C=1
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=
)Õ

C=1
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Theone-sample DMIS estimatorthen estimates this sum by choosing
one integral�C, with probability %C, and estimating it by drawing a
single sampleGfrom the PDF?C:

h� i DMIS =
h�Ci 1

PC
=

FC¹Gº5¹Gº
PC?C¹Gº

” (3)

Themulti-sample DMIS estimatortakes= samples in total, explicitly
estimating each integral�Cusing=C= PC= samplesGC•8from ?C:

h� i MDMIS =
)Õ

C=1

h�Ci=C =
)Õ

C=1

1
=C

=CÕ

8=1

FC¹GC•8º5¹GC•8º
?C¹GC•8º

” (4)

The weighting functionsFCcan be arbitrarily chosen as long as they
satisfy

Í )
C=1FC¹Gº=1 whenever5¹Gº< 0 andFC¹Gº = 0 whenever

?C¹Gº = 0 [Veach 1997]. TheDMIS balance heuristic

F̂C¹Gº =
PC?C¹Gº

Í )
C0=1 PC0?C0¹Gº

(5)

is a provably good choice, and Veach and Guibas [1995] showed
that it minimizes the variance of the one-sample estimator (3).

DMIS provides a general framework for combining estimators.
However, its generality leaves room for improvement when ap-
plied to certain problems or when additional information about
the integrand and estimators is known. Considerable research has
focused on optimizing the sample allocation among techniques [Pa-
jot et al. 2011; He and Tang 2014; Havran and Sbert 2014; Sbert
et al. 2016; Sbert and Havran 2017; Sbert et al. 2018]. E�ort has
also gone into improving the weighting heuristics; Georgiev et al.
[2012], Popov et al. [2015], and Sbert et al. [2018] proposed schemes
that take advantage of domain-speci�c auxiliary information. The
method of Grittmann et al. [2019] augments the balance heuristic
with variance estimates, and Karlík et al. [2019] instead proposed
to optimize the sampling densities for balance-heuristic combina-
tion. Kondapaneni et al. [2019] derived the truly optimal weighting
function for the multi-sample estimator(4) by allowing weights
to be negative. Elvira et al. [2015] investigated variants of DMIS
with stochastic technique selection, similarly to our stochastic MIS
estimator (Section 3.2). Built upon DMIS, all these prior works are
limited to handling countable sets of techniques.

More closely related to our work, Deng et al. [2019] have con-
sidered a continuum of photon-plane orientations for computing
single scattering in participating media. They proposed an analyti-
cal weighting scheme over this continuum to reduce variance and
ameliorate the e�ect of singularities. We formalize this basic idea by
introducing a general framework for combining uncountable sets of
sampling techniques. We also show how other rendering problems
can bene�t from being interpreted as such combinations.

3 CONTINUOUS MULTIPLE IMPORTANCE SAMPLING
To handle uncountable sets of sampling techniques, we devise an
extension of DMIS that we callcontinuous MIS. We �rst establish
our formulation by extending the dimensionality of the integration
problem. We then derive a CMIS estimator as an ordinary MC esti-
mator for that extended integral, along with a continuous balance
heuristic with provable optimality similar to that of DMIS. We also
show how DMIS can be derived from our continuous formulation.
Lastly, we propose a practical unbiased estimator, based on stochas-
tic technique selection, that makes CMIS accessible to a broad range
of integral estimation problems.

3.1 CMIS formulation
We begin by denotingT a space (of arbitrary dimension) that
permits sampling according to a certain PDF. We callT the tech-
nique spaceand its elementsCeach identify a sampling technique.
We also introduce the notion of a continuous weighting function
F : T � X ! R with the property

¯
T F ¹C• Gº dC= 1, wheredCis

an appropriate di�erential measure onT . With this de�nition, we
extend the dimension of the integral� in a way similar to Eq. (2),
using Fubini's theorem:

� =
¹

X

¹

T
F ¹C• Gº dC

=1

5¹Gº dG=
¹

T

¹

X
F ¹C• Gº5¹Gº dGdC” (6)

Note that in this formulation the weight functionintegratesto one,
as opposed tosummingto one in the DMIS formulation (2).
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CMIS estimator.Our continuous MIS(CMIS) estimator arises as
an ordinary one-sample estimator for the extended integral (6):

h� i CMIS =
F ¹C• Gº5¹Gº

?¹C• Gº
=

F ¹C• Gº5¹Gº
?¹Cº?¹GjCº

” (7)

Here,CandGare continuous random variables distributed according
to a joint PDF?¹C• Gº which factorizes into?¹Cº?¹GjCº when the
sampling of the integration variableGdepends onC. The estimator(7)
bears similarity to the one-sample DMIS estimator(3). The term?¹Cº
is now the density (rather than unitless probability) for choosing
techniqueC, and?¹GjCº is the technique's (conditional) PDF. For the
estimator to be unbiased, the weighting functionF must satisfy

¹� 1º
¹

T
F ¹C• Gº dC= 1 whenever 5¹Gº < 0• and (8a)

¹� 2º F ¹C• Gº = 0 whenever?¹C• Gº = 0” (8b)

Analogously to DMIS, these two conditions imply that at any point
Gwhere5¹Gº < 0, there is aCfor which ?¹C• Gº = ?¹Cº?¹GjCº ¡ 0.

CMIS balance heuristic.Subject to the conditions in Eq. (8), the
weighing functionF can be arbitrarily chosen in our CMIS esti-
mator (7). Di�erent choices will lead to di�erent variance of the
estimator. A simple uniform weightF u¹C• Gº = 1•

¯
T dC, however, is

unlikely to result in a good technique combination. We ideally want
to choose aF that minimizes the variance of the CMIS estimator(7).
Appendix A derives this variance-optimal weighting function:

�F ¹C• Gº =
?¹Cº?¹GjCº

¯
T ?¹C0º?¹GjC0º dC0

=
?¹C• Gº

¯
T ?¹C0• Gº dC0

=
?¹C• Gº
?¹Gº

” (9)

This weighting function can be naturally interpreted as the contin-
uous counterpart to the classical DMIS balance heuristic(5); that
function is also normalized over all available techniques and mini-
mizes the variance of the one-sample DMIS estimator (3).

On the right-hand side of Eq. (9),?¹Gº =
¯

T ?¹C0• Gº dC0 is the
marginal PDF ofG. Using the optimal�F in Eq. (7) thus corresponds
to an ordinary MC estimator for Eq. (1) that samples from this PDF:

h� i CMIS =
�F ¹C• Gº5¹Gº

?¹C• Gº
= � � �?¹C• Gº5¹Gº

?¹Gº� � �?¹C• Gº
=

5¹Gº
?¹Gº

” (10)

Using the DMIS balance heuristic(5)similarly corresponds to an
ordinary MC estimator for Eq. (1), which samples from a weighted
sum of distributions [Veach 1997]. In the continuous case of CMIS,
the summation becomes integration, and the resulting distribution
becomes a marginal rather than a weighted sum.

Discussion.Note that simply letting the number of techniques)
in DMIS grow in�nitely does not yield CMIS in the limit. Deng et al.
[2019] took this approach in an attempt to support MIS over a con-
tinuous space of photon-plane orientations. However, even when
) ! 1 , the number of sampling techniques remainscountablyin�-
nite with a cardinality of@0 [Enderton 1977]; this, in fact, is readily
supported by DMIS via Eq. (2). Our CMIS formulation instead explic-
itly considers a continuous spaceT representing anuncountably
in�nite set of techniques with a cardinality of@1 ¡ @0. Such a con-
tinuous formulation requires fundamental changes in the de�nition
of the weighting function and the use of the probabilitydensity
of choosing techniques. Additionally, our formulation allowsT to
have arbitrary dimension, which we will leverage in Sections 4 to 6.

Going in the opposite direction (i.e., reducing CMIS to a countable
set of techniques) is comparatively straightforward. One way is to
directly discretize the spaceT by selecting a set of techniques,
turning the CMIS integral(6)into the DMIS sum(2)which can then
be estimated via Eqs. (3) and (4). Another option is to make the joint
PDF?¹C• Gº piecewise constant w.r.t. the identi�erC. Estimation can
then be done via the CMIS estimator(7), or by again reducing Eq. (6)
to Eq. (2) by leveraging the e�ective partitioning ofT into subspaces
T8, each with an associated techniqueC8 with PDF?8¹Gº = ?¹GjC8º.
The integral overT in Eq. (6) can then be broken up into a sum of
integrals overT8, and denotingF8¹Gº =

¯
T8

F ¹C• Gº dCyields Eq. (2).
Finally, a direct multi-sample counterpart to Eq. (4) for CMIS

would not be practical as it would require drawing an uncountably
in�nite total number of samples, even with one sample per technique.
As an alternative, the CMIS estimator(7)could be generalized to
the form in Eq. (1), averaging over=¹Cº samples for each technique
C. For clarity, we restrict our discussion to the 1-sample case.

3.2 SMIS formulation
Evaluating the balance-heuristic CMIS estimator(10)requires evalu-
ating the marginal PDF integral?¹Gº in its denominator. While this
integral is sometimes available in closed form, often it is not. One
approach is to construct an unbiased estimator for1•?¹Gº [Booth
2007] which appears as a multiplicative term in the estimator. How-
ever, this method requires special care when?¹Gº ¡ 1, which is
generally the case as?¹Gº is a probability density. We take a simpler
approach to approximating the CMIS estimator.

SMIS estimator.We achieve unbiased estimation by starting from
a balance-heuristic CMIS estimator(10)that averages over= inde-
pendent sample pairs¹C1• G1º, ” ” ”, ¹C=• G=º. We thenreusethe samples
C8� ?¹C8º to estimate the marginal?¹Gº in the balance heuristic�F (9):

1
=

=Õ

8=1

?¹C8• G8º¯
T ?¹C• G8ºdC

�
5¹G8º

?¹C8• G8º

=-sample CMIS

�
1
=

=Õ

8=1

?¹C8• G8º
1
=

Í =
9=1

?¹C9•G8º
? ¹C9º

�
5¹G8º

?¹C8• G8º

=-sample SMIS approximation

” (11)

Using?¹C8• G8º = ?¹C8º?¹G8jC8º, the approximation on the right-hand
side simpli�es to

h� i SMIS=
=Õ

8=1

¤F ¹C8• G8º5¹G8º
?¹G8jC8º

=
=Õ

8=1

5¹G8ºÍ =
9=1 ?¹G8jC9º

• (12)

where ¤F ¹C8• Gº = ?¹GjC8ºÍ =
9=1 ?¹GjC9º

. Note that the approximation in Eq. (11)

yields abiasedestimator for the CMIS estimator on the left, due to
Jensen's [1906] inequality. However, it does still give anunbiased
estimator for the sought integral� , as we show in Appendix B. We
call the result in Eq. (12) ourstochastic MIS (SMIS)estimator.

Relation to DMIS.Our SMIS estimator closely resembles a DMIS
estimator(4)with ) = = techniques and one sample for each (i.e.,
=C = 1, 8C). The key di�erence is that in SMIS each technique is
chosen stochastically from a setT for every independent realiza-
tion (i.e., evaluation) of the estimator. SMIS can be interpreted as
estimating a random DMIS-discretization of the CMIS integral(6)
(see discussion in Section 3.1). DMIS corresponds to the special case
where all techniques are �xed for all realizations. In fact, both DMIS
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Fig. 2. Experiment comparing the variance of our CMIS and SMIS estimators on two 1D functions (a) integrated using four 2D joint PDFs (top row), i.e., a 1D
technique space. For CMIS, we consider uniform (CMISu) and balance-heuristic weighting (CMISb), as well as several=-sample SMIS variants (SMIS= ). In
every plot, at every measurement point we equalize the total number of samples among estimators by adjusting their number of realizations. As expected,
CMISu performs worst. TheSMIS= variants have consistently lower variance, approaching that of the optimalCMISb as= increases. In (f) we plot this
convergence for the¢-labeled integrand-PDF configuration. Increasing the number of combined samples is an e�ective way to reduce the variance of SMIS.

estimators(3)and(4)can be made stochastic without voiding their
unbiasedness by sampling the techniques prior to estimation, as we
discuss in Appendix B. SMIS thus inherits the �exibility of DMIS in
its choice of weighting functions and sample allocation, as well as its
unbiasedness conditions. Speci�cally, the weights must sum up to
one over allselectedtechniques, whereas in CMIS the normalization
is over allavailabletechniques. We focus on the speci�c SMIS form
in Eq. (12) to emphasize its interpretation as a CMIS approximation.

Discussion.The advantage of the balance-heuristic SMIS estima-
tor (12)over its CMIS counterpart(10)is that the former provides
a practical way of combining a continuum of techniques by only
evaluating the conditional PDFs?¹GjCº of a �nite subset rather than
the marginal?¹Gº. Another interpretation is that SMIS provides an
unbiased means to approximately sample from that marginal.

On the other hand, SMIS is an approximation to the CMIS es-
timator and the balance heuristic is thus no longer guaranteed to
minimize the variance. We analyze that variance empirically in the
following subsection. Future work can investigate the development
of better combination heuristics, tailored to SMIS, that account for
the stochastic technique selection.

Additionally, SMIS can be more costly than CMIS since its balance
heuristic requires evaluating= conditional PDFs for each of= sam-
ples. In the case that these=2 PDF evaluations are too costly, one may
instead opt to seek for analytically integrable (albeit sub-optimal)
weights with CMIS. We demonstrate the use of such weights in
Section 6.

Finally, SMIS also allows the techniques to be chosen from a count-
able set, as we discuss in Appendix B. Elvira et al. [2015] explored
similar estimators where= techniques are selected uniformly out
of = (with and without replacement). In contrast, our SMIS allows
selecting any subset of techniques, with non-uniform probability.
When the number of available techniques�even if �nite�is large,
SMIS may provide an e�ective way of trading increased variance
for a reduced estimator invocation cost.

3.3 Variance analysis
In the SMIS estimator(12), there are numerous ways to allocate a
�xed budget of# technique-sample pairs; below we denoteSMIS=
a con�guration that takes= pairs in each of# •= (averaged) indepen-
dent estimator realizations. We perform a numerical experiment,
considering three such variants:SMIS1, SMIS2, andSMIS4. We com-
pare these to two CMIS estimators, based on uniform weighting
F u¹C• Gº = 1•

¯
T dC (CMISu) and the balance heuristic(9) (CMISb),

respectively.

Experiment.In Fig. 2, we plot the variance of two 1D integrands
5¹Gº and four 2D joint PDFs?¹C• Gº with a 1D technique space
T . Column (a) shows the two integrands. The top row shows the
joint PDFs, along with the corresponding 1D technique-selection
marginals?¹Cº (vertically) and 1D sample-selection marginals?¹Gº
(horizontally). For the variance plots, at each measurement point we
average increasing numbers of estimator realizations, adjusted so
that each estimator consumes the same number of total samples# .

Intuitively, we expect the provably optimalCMISb estimator to
perform best, and the �uninformed�CMISu to perform worst as
it weighs all techniques equally. The SMIS variants, which aim to
approximate CMISb, should fall somewhere in between.

In Fig. 2b, all sampling techniques are both equally likely, since
?¹Cº = const, and have identical conditional PDFs?¹GjCº. This re-
sults in there being e�ectively a single sampling distribution?¹Gº,
and all estimators reduce to having the same expression.

In Fig. 2c, the joint PDF from (b) is transposed: all techniques
Chave constant conditionals?¹GjCº but ?¹Cº varies. In this case,
CMISu is a�ected by the variation in?¹Cº as it evaluates the full
joint PDF?¹G• Cº = ?¹GjCº?¹Cº. All other estimators are agnostic to
this variation as they only evaluate?¹GjCº or ?¹Gº.

In Fig. 2d, the technique PDF?¹Cº is a sinusoid and the?¹GjCº vary
from uniform to linear. Each conditional PDF?¹GjCº has a di�erent
variance level, where techniques with a more linear density perform
better than techniques with a more uniform density. HereCMISu
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